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ABSTRACT

In this paper we introduce the class of generalized « -weakly G-contractive
mappings. We establish that such mappings have a unique common fixed point
under certain weak conditions. The theorem obtained generalizes several recent
results on generalized G-metric spaces relevant to Aydi et al. (2011).

Keywords: Common fixed point, generalized weakly G-contraction, generalized
metric space.

1. INTRODUCTION

Albert and Guerre (1997) defined « -weakly contractive maps on
Hilbegrt space and established a fixed point theorem for such map.
Afterwards, Rhoades (2001), using the notion of weakly contractive maps,
obtained a fixed point theorem in a complete metric space. Subsequently,
many fixed points results of mapping satisfying certain contractive
conditions have been studied by many authors (see Beg and Abbas (20006),
Dutta and Choudhury (2008), Shatanawi (2010), Aydi et al. (2001) and
Zheng and Song (2009)). Mustafa and Sims (2006) have introduced a new
structure of generalized metric spaces, which are called G-metric spaces, as
generalization of metric space(X,d). Recently, Aydi et al. (2011) have

been established some common fixed point results for two self-mappings f
and g on a generalized metric space X by assuming that f is a generalized
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weakly G -contraction mapping of types A and B with respect to g. In

this paper, we generalized these results by given a weaker condition, taking
a wide range of the constant «. Now we give preliminaries and basic
definitions in G -metric spaces, which will be useful for the rest of the

paper.

2. PRELIMINARIES

In this section, we introduce some basic notions and results that are
used in the sequel. However, for more details, we refer to Mustafa and Sims
(2006).

Definition 1. Let X be a non-empty set. Suppose that G: X x X xX — R"
is a function satisfying the following conditions:

(G1) G(x,y,2)=0 find only if x=y=1z=0 (coincidence),
(G2) 0<G(x,x,y) forall x,ye X, where x+y,
(G3) G(x,x,y)<G(x,y,2), forall x,ye X, with z#y,

(G4 G(x,y,2)=G(p{x,y,z}), where p is a permutation of x,y,z
(symmetry),

(GS5) G(x,y,2)<G(x,a,a)+G(a,y,7), forall x,y,z,ae X (rectangle
inequality).

Then the function G is called the G -metric on X, and the pair (X,G) is
called the G -metric space.

Definition 2. Let (X,G) be a G -metric space. We say that (x,) is

(1) A G -convergent sequence to xe X if, for any € >0, there is a positive

integer k such that for all n, m>k, G(x,,x,,x)<E&;

n’>m?

(i) A G -convergent sequence to x€ X if, for any € >0, there is a positive

integer k such that for all n, m>k, G(x,,x,,x)<E&;

n’>m?
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A G -metric space (X,G)is said to be complete if for every G -Cauchy
sequence in X is G -convergentin X.

Proposition 3. Let (X,G) be a G -metric space. The following are
equivalent.

(1) (x,)isG -convergent to x;

2) G(x,,x

n*>n’

x)—>0 as n— oo

3) G(x

n’

x,x)—>0 as n— oo,

@4 G(x,,x

n>>m?

x)—>0 as n— oo

Proposition 4. Let (X,G) be a G -metric space. The following are
equivalent.

(1) The sequence (x,) is G -Cauchy in X;
2) G(x,,x

n>>m?

x,)—0 (as n,m —> o).

Proposition 5. Let (X,G) be a G -metric space. Then, for any
x,y,z,a€ X it follows that

1 If G(x,y,2)=0, then x=y=27=0;

(i) G(x,y,2)<G(x,x,¥)+G(x,x,2);

(1) G(x,x,y)<2G(y,x,x);

iv) G(x,y,2)<G(x,a,2) +G(a,y, 2);

) G(x,y,2)£G(x,a,a)+G(y,a,a)+G(z,a,a).

Definition 3. A G -metric space (X,G) is said to be symmetric if

G(x,x,y)=G(x,y,y),

holds for arbitrary x,ye X. if this is not the case, the space is called non-
symmetric.
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To every G -metric on the set X in a standard metric can be associated by
dg(x,y)=G(x,x, )+ G(x,y,y).

If G is symmetric, then obviously D (x,y)=2G(x,x,y), but in the case of
a non-symmetric G -metric, only

3
EG(x,y,Y)Sda(x,Y)SzG(x,y,Y)«

holds for all x,ye X.

Shatanawi, Abbas and Aydi have introduced the concept of weakly G -
contractive mappings as follows

Definition 4. Ler (X,G) be a G -metric space. A mapping f:X — X is
said to be weakly G -contractive if for all x,y,ze X, the following
inequality holds

G fy. f2) < %(G(x,fy, )+ GO for f2)+ Gz fr )
_¢(G(X, fy’ f)])7G(y7 fZ’ fz)7 G(Z7 fx7 fX)),

where ¢:[0,00)° —[0,00) is a continuous function with @(t,s,u)=0 if and
onlyift=s=u=0.

Khan et al. (1984) have introduced the concept of altering distance function
as follows.

Definition 5. The function W :[0,00) —[0,0) is called altering distance if
the following properties are satisfied

(1) v is continuous and increasing

2) w(@®)=0 ifand only if t=0.

Aydi, Shatanawi and Vetro (2011) have introduced the following definition
and theorem as follows.

150 Malaysian Journal of Mathematical Sciences



Generalized o -Weakly Contractive Mappings on G-Metric Spaces

Definition 6. Let (X,G) be a G -metric space and f,g:X — X be two
mappings. We say that f is a generalized weakly G -contractive mapping
of type A with respect to g if forall x,y,ze X, the following inequality
holds

w(G(fx, fy, f2) < v/(%(G(gx, ) +G(gy, fz, 2) + G(gz, fx, fx)))
—0(G(gx, fy, [¥),G(gy, 1z, f2),G(gz, fx, fx)),

where W is an altering distance function and ¢:[0,00)’ —[0,00) is a
continuous function with ¢(t,s,u) =0 ifand only if t =s=u=0.

Theorem 1. Let (X,G) be a G -metric space and f,g:X — X be two
mappings such that f is a generalized weakly G -contractive mapping of
type A with respect to g. Assume that f(X)c g(X),g(X) is a G-
complete subset of (X,G) and the pair {f,g} is weakly compatible. Then
f and g have a unique common fixed point.

W(G(fx, [y, 12)) Sy (a(G(gx, [y, [y)+ G(gy, [z, f2) + G(gz, fx, fx)))
(1)
—0(G(gx, fy, [¥),G(gy, 1z, f2),G(gz, fx, fx)),

3. MAIN RESULTS

Definition 7. Let (X,G) be a G -metric space and f,g:X — X be two
mappings. We say that f is a generalized o -weakly G -contractive
mapping of type A with respect to g, if for all x,y,ze X, the following
inequality holds

where e [0,%), v is an altering distance function and ¢:[0,%)* —[0,o0)

is a continuous function with @¢(t,s,u) =0 ifand only if t =s=u=0.
Now, let us introduce our main theorem.

Theorem 2. Let (X,G) be a G -metric space and f,g:X — X be two
mappings such that f is a generalized a -weakly G -contractive mapping
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1
of type A with respect to g, where ae[O,g). Assume that

f(X)cg(X),g(X) is a G -complete subset of (X,G) and the pair {f,g}
is weakly compatible. Then f and g have a unique common fixed point.
Proof. Fix xe X and let x, =x. Then using f(X)c g(X), we can
construct a sequence {x,}:g(x,,,)= f(x,)for all ne N. For simplicity, we
can denote g,,, =gx,,, and f, = fx.. We can assume that g, # g, for all
ne N, otherwise f and g will have a common fixed point.

Using (1) and (G5) from Definition (1), we get

W(G(8, 81 8m1) =W(G(f, s 1 1)) (@)
<y(a(G(8,.» [, [)+G(8, £, [,)+ G (8, [ fu)))
WG, fn f)s G (& fn f1)s G(&s fis fio))
SY(A(G(8, 1581115 80) TG (8,5 8115 811 ) + G (8,5.8,5.8,)))

< l//(a(G(gn—l 4 gn+1 4 gn+1) + G(gn ° gn+1 4 gn+1 )))’
for all ne N.

But i is an increasing function, thus from (2), we get

G(gn 4 gn+1 4 gn+1) = a(G(gn—l 4 gn+1 4 gn+1 ) + G(gn 4 gn+1 4 gn+1 )) (3)

< a(G(gn—l 4 gn 4 gn )) + 2aG(gn 4 gn+1 4 gn+1 )‘

For all ne N, (3) gives the following

(94
G s 8 n+l2 8 nt <——G n-1°8n>&n 4
(80> 8r1>8a) <75 008015810 8,) “)
a 2
S(l—20{j G(gn—Z’gn—l’gn—l)

n—1
o
s...s(l_za) G(g,,8,:8,)-

Now, let us show that {g,} is a G -Cauchy sequence.
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Letting m > n, then using (GS5) in Definition (1) and (4), we get

0< G(gn’gm’gm) S(;(gn’gn+l’gn+l)-i_(;(gn+l’gn+2’gn+2)

+G(gn+2’gn+3’gn+3)+"'+G(gm—l’gm’gm)

n—-1 n m=2
a a a
|| ——] +|—] .| — G(g,:85s
{(1—20;} (1—20;) (1—20;} } (8182-82)

®)

n—1 2
a a a
< 1+ + +.o.l. G(g,.8,,
(1—20;} { 1-2a (1—20;) J (81-82.82)

1-2a) o« Y\
S - G s > .
(1—305)(1—205) (81:82:82)

Using the fact that o e [O,%) and letting m — oo, it follows that

n—1
(Lj 50 as (11— o).
1-2c

Therefore,
G(gn’gm’gm) ﬁo as (n7m H°°)~

Then by Proposition (4), we conclude that {g, }={gx,} is G -Cauchy in
g(X)which is G -complete subset of (X,G). Thus, there exist ze X

such that gx is G -convergentto gz as (n — o). That is
G(g,.8,.82) >0 as (n = o0). 6)
Also Proposition (3), gives us that

G(g,.82,82) >0 as (n = ). (7)
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Now, we will show the following limits

(@ G(g,,8,./2) > G(gz,82, fz) as (n— ), ®)
and

() G(g,, [z, f2) > G(gz, 82, f2) as (n—> o). €]
To show (a) use (iii) & (v) from Proposition (5), we get

G(g,,.8,,/2)—G(gz, 82, [2) £2G(g,, 82, 82)

S 4G(gn ’gn ’gZ)‘
Also,

G(gZ, gZ’fZ)_G(gn’gn’fZ) S 2G(gn’gn’gz)‘

Therefore,
|G(gn’ gn’fz) _G(gZ, gZ’ fZ)| S 4G(gn’gn’ gZ) i 0 as (n - oo)‘

To show (b). Using similar argument of (8), we will get the required result.
Now, let us show that

fz =gz
By (1), we have

Y (G(8,11> 81> SO =W (G(f,. [, J2))
S (an(G(8, [, L)+ G (8,5 f2, f) +G(8z, . /)
—H(G(8,. 1, [,)-G(8,: f2: 2),G(gz, /- £,) (10)
=Y(G(8,> 81> 8i) + G (8,5 125 [2) + G(82: 8,115 8111)))
—P(G(8,5 812 81i1)- G (8,0 20 12). G (825 8,015 81)-

Letting (n — o). Using (8) and (9) and the continuities of i and ¢, (10)
becomes

w(G(gz, 8z, f2)) W (aG(gz, fz, f2)) — $(0,G(gz, [z, [2),0) (11)
<y (20G(gz, gz, f2)) — #(0,2G(gz, 82, f2),0)

<w(aG(gz, g2, f2)).
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It follows from Proposition (5) and the fact that ¥ is an increasing function

and e (O,%], we conclude from (11) that G(gz, gz, fz) =0. Thus, fz=gz

and z is a coincidence point of f and g. But the pair {f,g} is weakly
compatible. Thus, letting u = fz = gz, we get fu = gu.

Now, we claim that fu = gu=u. To show this, (1) gives us the following
inequality

W(G(8U, 8,115 8,:) =W (G (fit, . f,))
Sy(a(G(gu. £, f,)+ G (8, 1, ) + G (g, fu, fu))
~9(G(gu, £, £,).G(8,> £, £,). G (&, f5 )
=p((G(gUs 8,11>811) + G (8,128,112 8,1) + G, 81, gU)))
(G (8U 8,115 8101 ): G (&> 8115 8,1 )- G (8,15 81, gU)).

Letting (n — o), we get

w(G(gu, gz, 82)) <y (a(G(gu, gz, g2) + G(gz, gu, gu)))
—p(G(gu, 8z, 82),0,G(gz, gu, gu))
<y (2aG(gu, gz,82)) — #(G(gu, gz, 82),0,G(gz, gu, gu))
<y (G(gu,gz,82)) — #(G(gu, 82, 82),0,G(gz, gu, gu)),

which is true if  @#(G(gu, gz, g72),0,G(gz, gu,gu))=0, that is
g(u) = g(z) =u. Therefore
u=gu)= f(u).

Hence u is a common fixed point of f and g. To show uniqueness, let ¢
be a another common fixed point of f and g (i.e. t=g()= f(¢)). By 1,
we have
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w(G(u,1,0) =y (G(fu, ft, f1))
Sy (aG(gu, fi, f)+G(gt, ft, ft) + G(gt, fu, fu)])
—p(G(gu, ft, ft),G(gt, ft, f1),G(gt, fu, fu))
<Y (A Gu,t,t)+ G(t,u,u)]) - ¢(G(u,1,1),0,G(t,u,u))
<y BaG(u,t,1)) - ¢(G(u,t,1),0,G(t,u,u))

<y (Gu,t,t) —9(G(u,t,1),0,G(t,u,u)).

Therefore, ¢(G(u,t,1),0,G(t,u,u))=0 and hence G(u,t,t)=G(t,u,u)=0.
Thus, ¢ =u.

Corollary 1. Let (X,G) be a G -metric space and f,g:X — X be such
that

G(fx, fy, f2) Sa(G(gx, fy, fy)+ G(gy, fz, f2) + G(gz, fx, fx)),

where ae [O,%). Assume that f(X)c g(X),g(X) is a complete subset of

(X,G) and the pair {f,g} is weakly compatible. Then f and g have a
unique common fixed point.

Proof. We get the result by taking w(r) =t and ¢(t,s,u) =0, then apply
Theorem 2.

Corollary 2. Let (X,G) be a complete G -metric space and f:X — X
be

Y(G(fx, 1y, f) Sp(a(G(x, fy, ) + Gy, fz, 2) + G(z, fx, fx)))
_¢(G(.X, fy’ f)/)’G(y’ fZ’ fz)’ G(Z’ ﬁC, fX)),

where a e [O,%), v is an altering distance function and ¢:[0,%)* — [0,c0)

is a continuous function with @(t,s,u) =0 if and only if t=s=u=0. Then
f has a unique common fixed point.
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Proof. We get the result by taking g = Idx, the identity on X, then apply
Theorem 2.

Corollary 3. Let (X,G) be a complete G -metric space and f:X — X
be

G(fx, fy, f2) Sa(G(x, fy, )+ G(y, fz, f2) + G(z, fx, fx))
_¢(G(X, fy’ f)/)’G(y’ fZ’ fz)’ G(Z’ ﬁC, fX)),

where a e [O,%), v is an altering distance function and ¢:[0,%)* — [0,00)

is a continuous function with @(t,s,u) =0 if and only if t=s=u=0. Then
f has a unique common fixed point.

Proof. It follows by taking y(#) =t in Corollary 2.

Definition 8. Let (X,G) be a G -metric space and f,g:X — X be two
mappings. We say that f is a generalized o -weakly G -contractive

mapping of type B with respect to g, where (Ze[O,%) if for all
x,y,z2€ X, the following inequality holds

W(G(fx, fy, f2) Sw(a(G(gx, gx, [y) + G(y, fz, f2) + G(gy, gy, f2) + G(gz, &2, fX)))

—(G(gx, gx, [y),G(gy, g, f2),G(gz, 82, [X)),

1
where a e [0,5), v is an altering distance function and ¢:[0,%)* — [0,00)
is a continuous function with ¢(t,s,u) =0 ifand only if t =s=u=0.
Theorem 3. Let (X,G) be a G -metric space and f,g:X — X be two
mappings such that f is a generalized o -weakly G -contractive mapping

1
of type B with respect to g, where (Ze[O,g). Assume  that

f(X)c g(X),g(X) is a complete subset of (X,G) and the pair {f,g} is
weakly compatible. Then f and g have a unique common fixed point.
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Proof. It can be proven by using the same argument similar to Theorem 2.

Corollary 4. Let (X,G) be a G -metric space and f,g:X — X be such
that

G(fx, fy, f2)) < ((G(gx, gx, fy) + G(gy, gy, f2) + G(gz, gz, fx)),

where ae [O,%). Assume that f(X)c g(X),g(X) is a complete subset of

(X,G) and the pair {f,g} weakly compatible. Then f and g have a
unique common fixed point.

Corollary 5. Let (X,G) be a complete G -metric space and f:X — X
be
Y (G(fx, fy, f2)) Sy (oG (x, x, )+ G(y, y, f2) + G(2, 2, X))

_¢(G(X, fy’ f)/)’G(y’ fZ’fZ)’G(Z’ ﬁC, fX)),

where a e [O,%), v is an altering distance function and ¢:[0,%)* — [0,c0)
is a continuous function with ¢(t,s,u) =0 if and only if t=s=u=0. Then

f has a unique common fixed point.

Corollary 6. Let (X,G) be a complete G -metric space and f:X — X
be
G(fx, fy, ) <G (x,x, )+ G(y, y, 2) + G(z, 2, fx))

_¢(G(.X, X, f)/)’G(y’ Vs fZ)’G(Z’ Z, fX)),

where (Ze[O,%) and ¢:[0,00)° —=[0,00) is a continuous function with

o(t,s,u)=0 if and only if t=s=u=0. Then f has a unique common
fixed point.

4. EXAMPLES

In this section, we present some examples to demonstrate the
validity of the hypotheses of Theorem 2.
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Example 1. Ler X =[0,2], G(x,y,z):max{|x—y|,|y—z||z—x|}, where

t t 2
() ==, Ptsu)="""" k2,
2 o
fx=1 and gx=2—x. It can be asily shown that f is a generalised a

-weakly G -contractive mapping of type A with respect to g, where and
f(X)c g(X), g(X) is acomplete subset of (X,G) and the pair {f,g} is
weakly compatible. Also, G(fx, fy, fz) =0,

w(a(G(gx, fv, ) +G(gy, fz, f2) + G(gz, fx, fx))) =%(|1—x|+|1—y|+|1—z|)

and

|1—x|+|1—y|+|1—z|
P .

PG (gx, 1, 1¥),G(gy, fz, f2).G(gz, fx, X)) =

Thus, all the conditions of Theorem 2 are satisfied in this example and so
f and g have a unique common fixed point, where x=1 is the unique

common fixed point f and g.

We construct here an example of non-symmetric G -metric that satisfies the
hypotheses of Theorem 2.

Example 2. (inspired by Choudhury and Maity (2011). Define a G -metric
space Gon a set X ={a,b,c} by

G(x,x,x)=0, xe X,

G(a,a,b)=2,
G(a,a,c)=G(a,b,b)=G(b,b,c) =3,
G(a,b,c)=G(a,c,c)=G(b,c,c) =4,

with symmetry in all variables. Note that G is non-symmetric since
G(x,x,y)#G(x,y,y) for x#y. Consider the mappings f,g:X > X

given by f(a)=f(b)=f(c)=a, g(x)=x, forall xe X.
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Take w(t)=2t and ¢(s,t,r)=

s+i+

r

, where kzi, for ae [0,1).
2o 3

Denote L=y (G(fx, y, 2)), A=G(gx, fy, [y), B=G(gy, 2, f2),
C =G(gz, fx, fx), K =w(a(A+B+C))—@(A,B,C).

(x,y,2)
(a,a,a)

(a,a,b)

(a,a,c)

(a,b,b)

(a,b,c)

(a,c,c)

(b,b,c)

(b,c,c)

A B C L
0 0 0 O
0 0 2 O
0 0 3 0
0 2 2 0
0 2 3 0
0 3 3 0
0 2 3 0
0 3 3 0

120{—g
k

100{—g
k

160{—§
k

Hence, all the conditions of Theorem 2 are fulfilled and it follows that f,

g have a unique common fixed point x =a.

We construct her an example of a non-symmetric G -metric space that
satisfy contractive condition in Definition 6 but not Definition 7.

Example 3. Taking X ={a,b,c}, then defining G -metric on X as in

Example 2 with f,g and y(t)=2t but ¢(s,t,r)=

s+t+r
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Denote

L=y (G(fx, [y, f2)), A=G(gx, fy, fy), B=G(gy, fz, f2), C =G(gz, fx, fx),
K =y (a(A+B+C))—¢(A,B,C).

The following table shows that the contractive conditions fulfilled for some

a,é <a <% as in Definition 6 but not fulfilled for some ,0 < a < é

(x,y,2) A B C L K
(a,a,a) 0 0 0 O 0

(a,a,b) 0 0 2 O 46{—%
(a,a,c) 0 0 3 0 6a-1
(a,b,b) 0 2 2 0 8&'—%
(a,b,cy 0 2 3 0 100(—%

(a,c,c) 0 3 3 0 12a-2

(b,b,e) 0 2 3 0 100(—%

(b,c,e) 23 3 0 166{—%

Hence, all the conditions of Theorem 2 are fulfilled and it follows that f,
g have a unique common fixed point x =a.

S. APPLICATIONS

In this part, we will deduce that some common fixed point result for
mappings satisfying the contractive of integral type in a complete G -metric
space.

Let T" be the set of all function A:[0,00) —[0,0), satisfying the
following conditions.
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(i) A is a Lebesgue integrable mapping on each compact subset of
[0,00),

(i) For each £ >0, I/i(s) ds >0,

0
(iii) A is subadditive on each a,be [0,c0).
We have the following result.

Theorem 4. Let (X,G) be a complete G -metric space. Let f,g: X — X

be two mappings such that f(X)c g(X),g(X) is a G -complete subset of
(X,G) and the pair {f,g} is weakly compatible. If there exists Ae " such
that for all x,ye X, we have

G(fx, [y, fo) a(G(gx, [y, /)+G(gy, fz, [2)+G(gz, fx, fx))
A(s) ds < j A(s) ds, (14)
0 0

1
for some ae [0,5). Then f and g have a unique common fixed point.

Proof. Take w(¢)= Iﬂ(s) ds, ¢(t,s,u)=0. It is an easy matter to see that
0

the map ¥ :[0,00) —[0,0) is an altering distance function. Since inequality
14 satisfies the hypotheses of Theorem 2 it follows that f and g have a
unique common fixed point.
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